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Theories of f(T ) gravity are being actively confronted with cosmological observations, and are
considered viable candidates for solving the famous problems of cosmology. The next necessary step
is to extend this success to astrophysical settings. However, to this end one must understand the
structure of spherically symmetric solutions. We show that two different known approaches to these
solutions are actually fully equivalent from the point of view of Lorentz-covariant formalism. More-
over, we explain Bianchi identities in f(T ) gravity and apply them to show that the corresponding
equations are always compatible. It puts these efforts on much firmer grounds than before.
I. INTRODUCTION
One of the recurrent themes in modern theoretical
physics is the crisis in the ΛCDM standard model of cos-
mology [1]. Not only do we not know the nature of the
Dark Sectors, or do we face problems at highly non-linear
astrophysical scales [2], but also direct inconsistencies ap-
pear when trying to explain current data, such as the
recent tension between different measurements of H0 [3].
They are related to regimes in which we are confident
that our understanding of physics should work well.
This crisis motivates numerous attempts at alleviating
the problems by a proper modification of the Einstein’s
general theory of relativity. The history of these mod-
ifications, though dating back to Einstein himself, does
not flourish with success, and together with other prob-
lems of general relativity such as the lack of commonly
accepted quantum gravity theory despite many decades
of hard work, it leads to necessity of revising the geomet-
rical foundations of gravity [4].
One of the oldest ideas in this direction is the telepar-
allel approach to gravity which brought the f(T ) gravity
models to spotlight some years ago [5–7]. They can nat-
urally provide phantom regimes and allow to build viable
background cosmologies [8] capable of resolving the H0
tension [9, 10], and also possess promising linear pertur-
bation properties [11]. It explains why they have become
very popular in cosmological model building [12].
Due to their importance in the field of theoretical cos-
mology, modified teleparallel theories of gravity attract
much interest as prospective alternatives for description
of gravitational interactions. Of course, it is necessary to
confront them with observations also beyond the realm of
cosmology. In particular, astrophysics provides natural
motivation for studying spherically symmetric solutions,
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which are a tool that can hardly be overestimated when
it comes to deriving observable effects of gravity.
Up to now, the status of spherically symmetric solu-
tions in f(T ) gravity has been rather unclear. Vacuum
(Black Hole) solutions were discussed already some time
ago [13–19], however those were solutions with constant
(zero) torsion scalar. At the background level such so-
lutions are the same as in general relativity with a cos-
mological constant. This is an ad hoc construction to
make the torsion scalar constant in order to reduce the
equations to the simple general relativistic case. The cor-
responding tetrads usually look very contrived and have
very little respect to the symmetry of the metric.
More interesting are solutions with non-constant tor-
sion scalar. Only a few of them are known exactly for
special choices of the function f , found by heavy math-
ematical machinery [19, 20]. However, generically these
solutions are derived in terms of series expansion [21].
An issue with them is that the problem is presented as
a system of three different equations, with no obvious
reason for dependence among each other, for only two
functions. As far as we know, no explanation of why
this system is solvable was offered in existing literature.
One can suspect that the known exact solutions are very
special, and perturbation theory might not capture all
potential problems in other cases. In private communi-
cations it was even possible to hear an opinion that f(T )
gravity lacks spherically symmetric solutions in general.
The main aim of this Letter is to show that the miss-
ing link in the chain are the Bianchi identities. They
exist in f(T ) gravity, though in a modified form, and
they allow us to show that the three equations are in-
deed compatible. It means that we have proven that
spherically symmetric solutions do exist, at least locally
(modulo questions of geodesic completeness). It finally
establishes firm grounds for testing modified teleparallel
gravity models against astrophysical observations.
The outline of this Letter is as follows. We provide
a concise summary on teleparallel geometry in Sec. II,
2alongside introducing f(T) gravity. Our main result,
that Bianchi identities exist in f(T) gravity, is presented
in Sec. III, where we exhibit the proof of the identity
in a formalism-independent way. We recall the classi-
cal spherical symmetric tetrad anza¨tze in Sec. IV, for
both tetrad-based and covariant formalisms and their
equations of motion, and argue that the two tetrads are
merely related by a Lorentz rotation. In Sec. V we
present how the Bianchi identities allow to prove the exis-
tence of spherically symmetric solutions in f(T) gravity.
We also discuss the physical feasibility of very simple ex-
act solutions. We finally settle our conclusions in Sec.
VI.
II. MODIFIED TELEPARALLEL GRAVITY
The teleparallel description of gravity is based on a flat
metric-compatible spacetime connection
Γαµν = e
α
a
(
∂µE
a
ν + ω
a
µbE
b
ν
)
(1)
where eµa are the components of the tetrad field, E
a
µ its
inverse, and ωaµb is a flat spin connection,
ωaµb = −(Λ−1)cb∂µΛac (2)
with an arbitrary Lorentz matrix Λ(x) [22].
The original formulation of teleparallel geometry con-
siders the Weitzenbo¨ck choice of ω = 0 because of its
simplicity, and this is indeed a possible way to fix the
freedom allowed by the equations of motion [23] of co-
variant version. However the so-called inertial spin con-
nection (2) can equally well describe a flat and metric-
compatible spacetime, and it plays a significant role later
in nonlinear modifications of teleparallel gravity [24–27].
The torsion tensor is the antisymmetric part of the con-
nection (1), that is Tαµν = Γ
α
µν −Γανµ, and it is the main
object with which we define the action of the teleparallel
equivalent of general relativity (TEGR):
S = − 1
2κ
∫
d4xE · T ≡ − 1
2κ
∫
d4xE · TαµνSαµν , (3)
where the torsion scalar T is implicitly defined by the
second equality, the integration measure E = det(Eaµ) is
the determinant of the inverse tetrad, and
Sαµν =
1
2
(Kµαν + gαµTν − gανTµ) (4)
is known as the superpotential. Here Tµ ≡ Tαµα is the
torsion vector, and
Kαµν = gαβ
(
Γβµν −
(0)
Γβµν
)
=
1
2
(Tαµν + Tναµ + Tµαν)
is the contortion tensor. The model is equivalent to GR
because T is equal to minus the Levi-Civita scalar curva-
ture modulo a surface term.
The f(T ) gravity action is the simplest nonlinear gen-
eralization of the TEGR action, given by
S = − 1
2κ
∫
d4xE · f(T). (5)
Denoting fT ≡ dfdT and fTT ≡ d
2f
dT2
, the equations of mo-
tion can be conveniently written as
0 = T νλ ≡ κΘνλ + 2fTT (T)S µνλ ∂µT−
1
2
δνλf(T)
+ 2eEaλfT (T)Dµ[EeσaS µνσ ] + 2T ρµλS µνρ fT (T)
(6)
where D is the Lorentz-covariant derivative, in particular
Dµeσa = ∂µeσa − ωbµaeσb . In the Weitzenbo¨ck gauge it
coincides with the usual partial derivative.
In the covariant form, equations read:
0 = Tµν ≡ κΘµν − fT (T)
(0)
Gµν −2fTT (T)Sµνα∂αT
− 1
2
(
f(T)− fT (T)T
)
gµν . (7)
Note that our definition of the superpotential is different
by a factor of 12 from the one adopted in some papers on
the subject, hence seemingly different equations.
III. BIANCHI IDENTITIES IN f(T ) GRAVITY
The issue of Bianchi identities in f(T ) gravity was sur-
prisingly ignored in previous literature, and was only
briefly mentioned in the paper [11] of one of us. Now
we want to extend this important discussion a bit.
We define equations of motion Tµν via the variational
derivative of the action functional as
κ
δS
δEaµ
≡ ETµνEbνηab. (8)
Diffeomorphism invariance of the action implies that the
variation κδS =
∫
d4x · ETµνEbνηab · δEaµ vanishes iden-
tically if the tetrad variation is of the form
Eaµ −→ Eaµ − Eaν∂µζν − ζν∂νEaµ (9)
which leads to
e∂µ (ET
µ
ν )− Tλµeµa∂νEaλ = 0. (10)
This relation can be transformed into
(0)
▽µ Tµν +KανβTαβ = 0. (11)
When the local Lorentz symmetry is not broken (we as-
sume pure tetrad formulation here), invariance of the ac-
tion under Eaµ −→ ΛabEbµ implies that Tµν is symmetric,
and by virtue of antisymmetry of contortion tensor, the
usual Bianchi identities are restored.
3In f(T ) gravity this is not the case. However, if the
antisymmetric part of equations is satisfied we see that
the rest must obey the Bianchi identity.
Note that one can also prove the Bianchi identities at
the level of equations of motion. Indeed, let us take diver-
gence with respect to the index ν in covariant equations
of motion (7). We get, cancelling the fTT factor:
−
(0)
Gµν ∂νT− 2(∂αT)
(0)
▽ν Sµνα + 1
2
gµνT∂νT
where we have used the usual Bianchi identities and
Sµνα
(0)
▽να T = −Sµνα(Tβνα−2Kβνα)∂βT = Sµνα(Tνβα+
Tαβν)∂
β
T = 0.
To see whether the obtained relation can be proven
identically zero, one can derive using
(0)
Γβµν = Γ
β
µν −Kβµν
that
(0)
Gµν = 2K µα ρS
αρν − 2
(0)
▽α Sµαν + 1
2
Tgµν
which shows in turn that, given the antisymmetry of
the contortion tensor, if the antisymmetic part of equa-
tions ((Sµνα − Sµνα) ∂αT = 0) is satisfied then so is the
Bianchi identities.
IV. SPHERICALLY SYMMETRIC ANZA¨TZE
In this Section we consider spherically symmetric so-
lutions in vacuum. They were previously discussed in a
number of papers, from different viewpoints. We want to
show that two different existing approaches (with diag-
onal tetrad and non-zero spin connection and with non-
diagonal “good” tetrad) are actually fully equivalent to
each other, and to explain in the next Section that cor-
responding equations are solvable precisely due to the
Bianchi identities.
Spherically symmetric solutions are commonly
searched for in spherical coordinates:
ds2 = A(r)2dt2 −B(r)2dr2 − r2[dθ2 + sin2(θ)dφ2]. (12)
In terms of the tetrad, there are two different choices in
the literature.
First, this is the diagonal tetrad
Eaµ = diag(A(r), B(r), r, r sin(θ)) (13)
which requires non-trivial spin connection [28]
ω1θ2 = −ω2θ1 = −1,
ω1φ3 = −ω3φ1 = − sin(θ),
ω2φ3 = −ω3φ2 = − cos(θ)
(14)
for being consistent (other components vanish).
Second, it is the tetrad (for brevity, s ≡ sin, c ≡ cos)
[21, 29]
Eaµ =


A(r) 0 0
0 B(r)s(θ)c(φ) rc(θ)c(φ) −rs(θ)s(φ)
0 B(r)s(θ)s(φ) rc(θ)s(φ) rs(θ)c(φ)
0 B(r)c(θ) −rs(θ) 0


(15)
which works with zero spin connection, and in the old
non-covariant language it would be called a good tetrad
which means that the antisymmetric part of equations is
satisfied in the pure tetrad formalism.
Of course, one tetrad can be obtained from the other
by a local Lorentz transformation. Indeed, the matrix
Λ =


1 0 0
0 s(θ)c(φ) c(θ)c(φ) −s(φ)
0 s(θ)s(φ) c(θ)s(φ) c(φ)
0 c(θ) −s(θ) 0

 (16)
obviously transforms the tetrad (13) into the (15). On
the other hand, transforming back with Λ−1 from zero
spin connection choice to the diagonal tetrad, we obtain
the spin connection ωµ = −(∂µΛ−1)Λ = Λ−1∂µΛ. A
back-of-an-envelope calculation shows that we get the
spin connection (14). In other words, those are just
one and the same solution written in different Lorentzian
frames.
One can substitute either the tetrad (15) with zero
spin connection or the ansatz (13, 14) into the equations
of motion. We get the torsion scalar
T = −2(B − 1)(A−AB + 2rA
′)
r2AB2
(17)
and the following relations
T
t
t = −
1
2
f − 2
r2AB3
fT ·
(
r(B − 1)BA′ +A(B2 −B + rB′)
)
+
8(B − 1)
r4A2B5
fTT ·
(
(B − 1)
(
A2(B2 −B − rB′)− r2BA′2
)
+rA
(
2rA′B′ +B
(
A′(1− rB′)− rA′′)+B2(−A′ + rA′′))) , (18)
4T
r
r = −
1
2
f − 2
r2AB2
fT ·
(
A(B − 1) + rA′(B − 2)
)
, (19)
T
θ
θ = T
φ
φ = −
1
2
f +
1
r2AB3
fT ·
(
A
(
B − 2B2 +B3 − rB′)+ r (−2B2A′ − rA′B′ +B(3A′ + rA′′)))
−4(A−AB + rA
′)
r4A3B5
fTT ·
(
−r2BA′2(B − 1) +A2(B − 1)(−B +B2 − rB′)
+ rA
(
2rA′B′ +B
(
A′(1− rB′)− rA′′)+B2(−A′ + rA′′))) . (20)
Note that we have exploited the local Lorentz invari-
ance of the covariant version of the theory. Indepen-
dently, one can also use the diffeomorphism invariance.
With another choice of radial variable, such that the full
spatial part of the metric is proportional to B(r), all
entries of the spatial part of the tetrad (15) would be
proportional to B, and then it is easy to see that they
are nothing but components of Cartesian unit vectors in
spherical coordinates.
This is actually the geometric meaning of the Lorentz
matrix (16): it describes rotation between spherical and
Cartesian bases. It gives an idea that one could have di-
agonal tetrad with zero spin connection if using Cartesian
coordinates. And indeed, we have checked that the diag-
onal tetrad for ds2 = A2(r)dt2−B2(r) · (dx2+dy2+dz2)
with r ≡
√
x2 + y2 + z2 automatically satisfies the an-
tisymmetric part of equations of motion, thus being a
“good” tetrad in the old language.
V. EXISTENCE OF SOLUTIONS
Equations (18, 19, 20) appeared previously in papers
on spherically symmetric solutions in f(T) gravity. We
can see that those Tµν = 0 are three equations for two
variables. Obviously, for them being solvable without
restricting the form of the function f there must be de-
pendence among them. Nevertheless, it is easy to con-
vince oneself that there is no algebraic dependence. Even
though previous authors mention that these equations do
not restrict the functional form of f , it is not a priori ob-
vious, especially given that very few exact solutions were
known.
One of our main points in the current Letter is that
there is no miracle behind ability of people to solve this
system, at least perturbatively, and the final answer is
the (differential) Bianchi identities.
Since the antisymmetric part of equations is automati-
cally satisfied for our ansa¨tze, the Bianchi identities take
the form
(0)
▽µ Tµν = 0. After a simple calculation, the r
component of that reads, taking into account that off-
diagonal components of T vanish:
∂rT
r
r +
(
A′
A
+
2
r
)
T
r
r −
A′
A
T
t
t −
1
r
(
T
θ
θ + T
φ
φ
)
= 0.
One can check that this relation between the three
equations holds indeed, reducing the number of indepen-
dent equations for functions A(r) and B(r) to two. Fi-
nally, we need to solve for the radial equation (19) which
has less differential order, and any one combination of
the two remaining equations.
In our opinion, a natural idea would be to combine
equations (18) and (20), and to get rid of the fTT term.
We obtain a simpler equation
f(T) ·
(
A2B2r2(B − 1) + r3AA′B2
)
+ fT (T) ·
(
4A2B(B − 1)− 4A2B2(B − 1) + 4rAA′
−8rAA′B + 4rAA′B2 + 4r2A′2(B − 1) + 4r2AA′B′
−4r2AA′′(B − 1)
)
= 0.
(21)
We need to solve this equation (21) together with the
remaining radial equation (19) which can be written as
f(T) + 4fT (T) · −2A
′r +AB +A′Br −A
AB2r2
= 0. (22)
Since the torsion scalar (17) does not depend on deriva-
tives of B, we can algebraically solve this equation for B
in terms of A. After that the equation (21) reduces to
an ordinary differential equation for one single unknown
function A(r).
On the other hand, we can substitute f(T) found from
equation (22) into the combined equation (21), and see
that as long as fT 6= 0 we have the following relation
between A and B
−A2(B+1)(B−1)2+r2A′2+r2A(A′B′−A′′(B−1)) = 0
(23)
which is independent of the particular function f(T).
Let us recapitulate. The problem of finding spherically
symmetric solutions in f(T) gravity is reduced to solv-
ing one algebraic equation (22) for B in terms of A and
A′, and then solving a second order ordinary differential
equation for A(r), which can be obtained by substitut-
ing solution for B into one of remaining equations, for
example equation (21).
If a solution under consideration does not correspond
to a (rather pathological, vanishing effective Planck
5mass) case of constant T with fT = 0, then indepen-
dently of the particular form of the function f the func-
tions A and B satisfy equation (23). Note that it is not
an independent condition; it follows from the equations
of motion.
A. Known exact solutions
Unfortunately, even though for simple functions f it
is often possible to explicitly solve the algebraic equation
for B in terms of A, it appears very hard to find anything
analytically for A after that.
Let us consider a very simple function f(T) = T2 which
does not have well-defined T → 0 limit because of van-
ishing fT . From the equation (22) we get four branches
of solutions.
Two of those branches are cases with T = 0. One of
them is simply B = 1, and the other one is given by
B =
A+ 2rA′
A
.
They can also be found by vanishing torsion scalar (17).
After that one can check that all other equations are
satisfied automatically. In other words, any function A(r)
solves equations given that B is one of the above two
choices. Another way to see the same is to have a look at
the initial equations (7) having in mind f = fT = T = 0.
This degeneracy of solutions is the consequence of ef-
fectively switching off non-trivial dynamics of gravity for
this model in the T→ 0 limit. In healthier cases it (and
any constant T) would correspond to general relativity
with a cosmological constant which previously already
served well for finding solutions in f(T) gravity.
More interesting is to find solutions with non-constant
torsion scalar. Those are two other branches of T2 gravity
given by
B =
−A− rA′ ±√4A2 + 8rAA′ + r2A′2
A
Unfortunately, even for this simple case, the ODE for
A(r) appears very complicated.
We know one analytical solution from the work [20] of
Bahamonde and Camci . For f(T) = Tn it reads A(r) =
rα with α = 4n(n−1)(2n−3)4n2−8n+5 and B =
(2n−1)(4n−5)
4n2−8n+5 . It
has non-constant torsion scalar which tends to zero when
the radial variable is taken to infinity. Therefore, this
solution is also pathological since it does not have a well-
behaved asymptotic limit. Moreover, global properties
require further scrutiny since a photon can reach r =∞
in finite coordinate time ∝ ∫ dr
rα
as long as α > 1.
B. Asymptotic expansion method
Since it is hard to find exact analytic solutions, it is
interesting to study asymptotic limits far from the source.
We assume Minkowski space at infinity
A(r) = 1+
a1
r
+
a2
r2
+· · · , B(r) = 1+ b1
r
+
b2
r2
+· · · (24)
and want to find restrictions imposed by the general con-
dition (23) for any potentially healthy solution.
In the first non-trivial order ( 1
r2
) it gives
a21 − a1b1 − 2b21 = 0 (25)
which has two branches, a1 = 2b1 and a1 = −b1. Having
chosen one of them one can find precise values from equa-
tion (22), or any other remaining combination of equa-
tions of motion. Then at the next order of equation (23)
we will get unambiguously b2 in terms of a2 and the pre-
vious order solution, and so on.
Note that having obtained a1 = −b1 is an important
consistency check. The relation (23) which does not de-
pend on the function f , and in particular must be valid
for TEGR, must therefore admit the Schwarzschild solu-
tion, which we have also checked exactly.
VI. CONCLUSIONS
We have shown that two different approaches to spher-
ically symmetric solutions in f(T) gravity, preferring di-
agonal tetrad or zero spin connection, are fully equiva-
lent if the local-Lorentz-covariant approach is employed.
Moreover, switching to Cartesian coordinates instead of
spherical ones can allow to meet both requirements.
We have proven Bianchi identities for f(T) gravity
and applied them to spherically symmetric solutions. It
explains how previous authors were able to solve three
seemingly independent equations for two unknown func-
tions. And we see that it is not a coincidence related
to a choice of a simple function f or to an artefact of a
series expansion. It is a general property of equations of
motion in the theory.
Very importantly, our findings pave the way to bet-
ter confronting this class of theories with observations.
When a systematic study of spherically symmetric solu-
tions is possible, one can explore phenomenological as-
pects of astrophysical compact objects, and in perspec-
tive to also apply it to top hat collapse models, and to
predict the halo mass function for studying the large scale
structure in f(T) models. In other words, we are making
first steps towards checking their viability beyond back-
ground cosmology and linear perturbations.
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